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We show that the near horizon regime of a Kerr-Newman-AdS (KNAdS) black hole,
given by its two dimensional analogue a la Robinson and Wilczek (2005 Phys. Rev. Lett.
95 011303), is asymptotically AdS2 and dual to a one dimensional quantum conformal
field theory (CFT). The s-wave contribution of the resulting CFT’s energy-momentum-
tensor together with the asymptotic symmetries, generate a centrally extended Virasoro
algebra, whose central charge reproduces the Bekenstein-Hawking entropy via Cardy’s
Formula. Our derived central charge also agrees with the near extremal Kerr/CFT Cor-
respondence (2009 Phys. Rev. D 80, 124008) in the appropriate limits. We also compute
the Hawking temperature of the KNAdS black hole by coupling its Robinson and Wilczek
two dimensional analogue (RW2DA) to conformal matter.
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1. Introduction
Black holes provide a unique scenario for studying quantum gravitational phenom-
ena, since near a black hole, horizon degrees of freedom tend to redshift away reduc-
ing physics to two dimensions. This convenient fact was first utilized by Christensen
and Fulling 1 by studying the s-wave contribution of a semi-classical scalar in a
Schwarzschild spacetime. Christensen and Fulling showed that the trace anomaly
of the resulting effective action’s energy-momentum-tensor contained the respective
spacetime’s Hawking temperature 2,3:
TH =
~κ
2π
, (1)
where κ is the surface gravity of the black hole horizon. The derivation of TH
via effective actions and their associated energy-momentum-tensors of semiclassical
scalars has been explored in various settings 4,5,6,7,8. The general idea follows from
studying the effective action of the functional:
Z(ϕ, g) =
∫
Dϕe−iSD [ϕ,g], (2)
where SD[ϕ, g] is the action of a free scalar field in D dimensions on the background
spacetime g
(D)
µν . For the case where D = 2 the effective action is given by the
1
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Polyakov Action 9,10
ΓPolyakov =
1
96π
∫
d2x
√
−g(2)R(2) 1
g(2)
R(2), (3)
which has shown to play an important roll for computing quantum gravitational
quantities near black hole horizons 11,12,13,14 and exhibits a unique relationship
to conformal algebras 15,16.
Motivated by the above arguments Robinson and Wilczek (RW) initiated the
study of two-dimensional chiral scalars in the near horizon regime of black holes
17. Two-dimensional chiral theories are known to be anomalous. RW showed that
to ensure a unitary quantum field theory in this regime requires black hole ra-
diation at temperature TH . In other words, quantum gravitational phenomena
cancels chiral/gravitational anomalies 18. This method has been applied to vari-
ous types of black holes with various gauge, gravitational and covariant anoma-
lies 12,13,19,20,21,22,23,24,25,26,27,28,29,30,31,32 and has provided two dimensional
analogues for various types of black holes beyond Schwarzschild. These two di-
mensional analogues are the remnant metric degrees of freedom which dominate
S(D)[ϕ, g] in the near horizon regime, where all potential terms vanish exponen-
tially fast upon transformation to tortoise coordinates 33.
Combining two dimensional near horizon physics with holography has provided a
unique scenario for studying black hole entropy by asserting that quantum gravity in
two dimensions is dual to a conformal field theory of equal or lesser dimension. This
duality is richly exemplified in the well known AdS/CFT correspondence of string
theory 34. In fact the seminal work of Brown and Henneaux showed the algebra
of the asymptotic symmetry group of three dimensional gravity with a negative
cosmological constant is Virasoro with calculable central charge 35. This is widely
considered to be the first example of an AdS3/CFT2 correspondence. Applying this
to the three dimensional BTZ-black hole 36, Strominger 37 reproduced the correct
Hawking-Bekenstein Entropy 38
SBH =
A
4~G
(4)
via Cardy’s Formula 39,40. This idea has been generalized and applied to various
black holes in near horizon regimes and at asymptotic infinity by Carlip and others
11,41,14,42,43,44,45,46,47,48, where the general idea is summarized as follows. Given
a set of consistent metric boundary or fall-off conditions, there exists an associated
asymptotic symmetry group (ASG). This ASG is generated by a finite set of dif-
feomorphisms parametrized by some discrete ξn for all n ∈ Z satisfying a Diff(S1)
subalgebra:
i {ξm, ξn} = (m− n)ξm+n (5)
Consistency necessitates that these generators, ξn, be finite and well behaved at the
respective boundary. Upon quantization, ξn → Qn via Hamiltonian or Covariant
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Lagrangian techniques, Brown and Henneaux showed 35
[Qm,Qn] = (m− n)Qm+n + c
12
m
(
m2 − 1) δm+n,0 (6)
where c is a calculable central extension. We should note that (6) assumes a fixed
normalization of the lowest Virasoro mode due to the linear term in the center. This
ambiguity was first addressed by string theory in 49,50,37,51, where it was shown
that the massive BTZ black hole is a solution to low energy superstring theory lying
in the Neveu-Schwarz sector (antiperiodic BC). This implies a mass shift Q0 = c24
and thus fixes the normalization such that:(
Q0 − c
24
)
|0〉 = 0 (7)
In the case for non supersymmetric theories the requirement for the generators of
the ASG to include a proper SL(2,R) subgroup, i.e. {Q−1,Q0,Q1} form a proper
sl(2,R) subalgebra, is synonymous to the requirement that the vacuum be anni-
hilated according to (7). The Bekenstein-Hawking entropy is then obtained from
Cardy’s Formula 39,40 in terms of c and the proper normalized lowest eigen-mode
via:
S = 2π
√
c · Q0
6
(8)
Applying a similar program, as outlined above, Guica, Hartman, Song and Stro-
minger (GHSS) 52 proposed that the near horizon geometry of an extremal Kerr
black hole is holographically dual to a 2-dimensional chiral CFTa with non vanish-
ing left central extension cL. In this approach the Bekenstein-Hawking entropy is
recovered by the Thermal Cardy Formula 53
SBH =
π2
3
cLTL, (9)
where TL is the Frolov-Thorne vacuum temperature for generic Kerr geometry
54.
This correspondence has been extended to various classical and exotic black holes
in string theory, higher dimensional theories and gauged supergravities to name a
few 55,56,57,58,59,60,61,62,53,63,64.
In addition to demonstrating a duality between extremal black holes and CFT,
GHSS 52 apply the affluent principle of holographic duality to an astrophysi-
cal object/black-hole GRS 1915+105. This is a binary black hole system located
11000pc away in the constelation Aquila 65. GHSS showed that the companion black
hole is holographically dual to a 2-dimensional chiral CFT with cL = (2± 1)× 1079.
For an extremal Kerr black hole, the inner most stable circular orbit corresponds
to the horizon. Thus, GHSS conclude that any radiation emanating from the in-
ner most circular orbit should be well described by the 2-dimensional chiral CFT,
aDistinct from the 2-dimensional chiral-scalar field theory employed by RW.
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making the Kerr/CFT correspondence a possible theoretical tool in a future astro-
physical observation.
The aim of this manuscript is to apply the rich ideas of holography to the near
horizon two dimensional black hole analogue of the KNAdS black hole. This Robin-
son and Wilczek 2-dimensional analogue (RW2DA) is shown to be asymptotically
AdS for a suitable choice of BC. Using a covariant Lagrangian technique and a
Liouville type action resulting from the s-channel of a minimally coupled scalar, we
compute the asymptotic quantum generator (charge) algebra, which is a centrally
extended Virasoro algebra. This central extension together with the lowest normal-
ized eigen-mode reproduce the correct form of the KNAdS Bekenstein-Hawking
entropy inside Cardy’s Formula. We also show that the RW2DA reproduces the
Hawking temperature of the KNAdS black hole by coupling it to conformal matter
and computing the resulting anomalous quantum energy momentum tensor. The
manuscript is outlined as follows: In Section 2.1 we briefly review the ingredients
of the main calculation and talk about various techniques for arriving at a dimen-
sionally reduced gravitational theory. Section 2.2 contains the main results of the
paper namely the asymptotic symmetry generators, both classical and quantum, of
the RW2DA field theory and their respective generator algebras. In Section 2.4 we
apply the main results to compute the Bekenstein-Hawking entropy of the KNAdS
black hole. In Section 2.5 we couple the RW2DA to conformal matter and derive the
Hawking temperature of the KNAdS spacetime and finally in Section 3 we discuss
our results and possible future directions.
2. Kerr-Newman-AdS and Near Horizon Field Theory
2.1. Near Horizon Geometry
The Kerr-Newman-AdS metric is a solution to the Einstein-Hilbert Action with
negative cosmological constant coupled to a Maxwell field given by the line element
21,66:
ds2 = g(4)µνdx
µdxν
= −∆(r)
ρ2
(
dt− a sin
2 θ
Ξ
dφ
)2
+
ρ2
∆(r)
dr2 +
ρ2
∆θ
dθ2
+
∆θ sin
2 θ
ρ2
(
adt− r
2 + a2
Ξ
dφ
)2
,
(10)
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where
∆(r) =
(
r2 + a2
)(
1 +
r2
l2
)
− 2GMr +GQ2,
∆θ = 1− a
2
l2
cos2 θ,
ρ2 = r2 + a2 cos2 θ and
Ξ = 1− a
2
l2
(11)
and M is the mass, a is the angular momentum per unit mass, Q is the charge, G
is Newton’s constant and l the de Sitter radius. In general there are four horizon
radii for which ∆(r) vanishes, but only two are physical. Of these two, only one, r+,
reduces to Kerr-Newman, Kerr, Reissner-No¨rdstrom and Schwarzschild black hole
horizons in the appropriate limits. Thus, given we choose this respective horizon
radius, any closed forms for entropy and temperature will hold in general for all
sub-leading black holes in their respective limits.
The RW2DA is found by examining the functional
S(4)[ϕ, g] = −1
2
∫
dx4
√−g∇µϕ∇µϕ (12)
in the regime where r is close to r+. Expanding ϕ in terms of spherical harmonics,
transforming to tortoise coordinates and integrating out the angular degrees of
freedom, we obtain the near horizon theory 21,33:
S(4)[ϕ, g]
r∼r+−→ S(2)[ϕlm, g(2)] =
(r2+ + a
2)
2Ξ
∫
dtdrϕ∗lm
[
1
f(r)
(∂t− iAt)2 − ∂rf(r)∂r
]
ϕlm
(13)
where
f(r) =
∆(r)
r2 + a2
(14)
with RW2DAb
g(2)µν =
(
−f(r) 0
0 1
f(r)
)
(15)
and a gauge field containing the contributions of the U(1) charge and angular mo-
mentum
At = − eQr
r2 + a2
− Ξam
r2 + a2
. (16)
bWe should note that for any two dimensional Riemannian-Levi-Cevita connection 2-form ωαβ ,
dω12 = Kvol
2,where K = 1
(2)((2)−1)
R(2) is the Gauss curvature. This implies that the curvature
of any Riemann-Surface is completely determined by its scalar variant. Thus classically, in 2-
dimensions, there are no general relativistic dynamics and any gravitational effects that are present
must have quantum gravitational implication/origin with semi-classical metric g
(2)
µν .
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The above dimensional reduction suggests that in the near horizon regime the
KNAdS metric has the form:
ds2 = g(2)µνdx
µdxν +B (ϕ) [dφ−Atdt]2 + C (ϕ) dθ2 (17)
assuming we consider ϕ as a component of the gravitational field. Similar ap-
proaches, for axisymmetric spacetimes, have been considered in 67,68,69,70, with
the aim of arriving at an effective two dimensional gravitational theory in the near
horizon regime. For spherically symmetric black holes this is readily straight forward
given the metric ansatz
ds2 = g(2)µνdx
µdxν +
1
λ2
e−2ϕdΩ2(2) (18)
and substituting into the Einstein-Hilbert action. Then integrating out the angular
degrees of freedom we are left with two dimensional dilaton gravity:
SDG =
1
2π
∫
d2x
√
−g(2)e−2ϕ(r)
{
R(2) + 2 (∇ϕ)2 + λ2e2ϕ
}
, (19)
with a dimensionless coupling of e
−2ϕ(r+)
2pi =
4pir2+
16piG and λ
2 = pi2G . The above functional
is in general not a conformal field theory, yet for a specific choice of conformal
transformation and field redefinition (19) becomes Liouville with central extension
proportional to
4pir2+
16piG
71. In fact, we know from the c-Theorem 41,72 that (19) must
flow, under the renormalization group, to a CFT. There exists strong evidence
11,14,41,73,74,71, that in the near horizon this CFT takes the form of Liouville
Theory
SLiouville ∼
∫
d2x
√
−g(2)
{
−Φg(2)Φ+ 2ΦR(2)
}
(20)
with effective dimensionless coupling proportional to:
A
16πG
, (21)
where the numerator originates from the dimensional reduction procedure and the
denominator is a remnant of the parent classical gravitational theory (general rela-
tivity).
For a large class of non extremal weakly isolated horizons, including cosmolog-
ical and of non spherical spacetimes, a recent analysis by Chung 69,70 showed by
considering near horizon Gauss Null Coordinates, given by the line element
ds2 = r˜F (r˜)du2 + 2dudr˜ + 2r˜hidudx
i + gijdx
idxj (22)
which takes the form
ds2 = 2g+−
(
dx+dx− + h+idx
+dxi
)
+ gijdx
idxj (23)
on the light cone,c that in the near horizon regime general relativity reduces to a
two dimensional Liouville type conformal field theory to O(r˜). This was done by
cFor the line element (22) the horizon is located at r˜ = 0 and x± are defined in terms of (u, r˜).
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considering diffeomorphisms ξ± preserving specific metric boundary conditions on
the isolated horizon, then evaluating the Einstein-Hilbert Action for g′µν = gµν +
Lξgµν and integrating out the angular degrees of freedom. This near horizon theory
again exhibited the same pre-factor A16piG and a center proportional to this coupling.
Motivated by these approaches, we will consider a slightly different one, by
elevating ϕlm to a gravitational field via the field redefinition
ϕlm =
√
6
G
ψlm, (24)
where ψlm is now unit less and the
√
6 was chosen to recover the Einstein cou-
pling 116piG in the quantum gravitational effective action of (13) within the s-wave
approximation.
2.2. Effective Action and Asymptotic Symmetries
Applying the field redefinition (24) to (13) yields:
S(2)[ψ, g] =
3(r2+ + a
2)
GΞ
∫
d2x
√
−g(2)ψ∗lm
[
Dµ
(√−gg µν(2) Dν)]ψlm, (25)
where Dµ is the gauge covariant derivative. The effective action of each partial wave
is given by the sum of two functionals 12,75,
Γ(lm) =Γgrav + ΓU(1), (26)
where
Γgrav =
(r2+ + a
2)
16πGΞ
∫
d2x
√
−g(2)R(2) 1
g(2)
R(2) and
ΓU(1) =
3e2(r2+ + a
2)
πGΞ
∫
F
1
g(2)
F.
(27)
We will discuss the s-wave contribution of (26) shortly and instead turn our atten-
tion to computing the ASG of (25). The asymptotic or large r behavior of (15) and
(16) are given by
g(0)µν =

− r2l2 − 1 + 2GMr − GQ2r2 +O
((
1
r
)3)
0
0 l
2
r2
+O
((
1
r
)3)

 , (28)
A(0)t =
eQ2
r2
+O
((
1
r
)3)
(29)
and define an asymptotically AdS2 configuration with Ricci Scalar, R = − 2l2 +
O
((
1
r
)1)
. We also impose the following metric and gauge field boundary or fall-off
conditions:
δgµν =

 O (r) O
((
1
r
)0)
O
((
1
r
)0) O (( 1
r
)3)

 and δA = O
((
1
r
)3)
(30)
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A set of diffeomorphisms preserving the asymptotic metric structure is given by
ξn = ξ1(r)
einκ(t±r
∗)
κ
∂t + ξ2(r)
einκ(t±r
∗)
κ
∂r, (31)
where r∗ is the tortoise coordinate defined by dr∗ = 1
f(r)dr,
ξ1 =
iAr4einκr
∗
nκ (−2Gl2Mr +Gl2Q2 + l2r2 + r4) , ξ2 = Are
inκr∗ , (32)
A is an arbitrary normalization constant and κ is the surface gravity of the KNAdS
black hole. Applying this set of diffeomorphisms to the gauge field we find
δξAµ =
(
−3
(
eQ2neintκ
)
r2
+O
((
1
r
)3)
,O
((
1
r
)4))
. (33)
Thus to satisfy all the imposed fall of conditions we must consider total symmetries
of the action, which implies
δξ → δξ+Λ, (34)
where
Λ = −3ieQ
2eintκ
r2κ
. (35)
Evaluating the gauge field under this total symmetry we find
δξ+ΛA = O
((
1
r
)3)
(36)
in accordance with (30). Finally switching to light cone coordinates x± = t ± r∗,d
the set ξ±n is well behaved on the r →∞ boundary and obey the centerless Virasoro
or Diff(S1) subalgebra
i
{
ξ±m, ξ
±
n
}
= (m− n)ξ±m+n. (37)
Evaluating the wave equation
Dµ
(√−gg µν(2) Dν)ψlm = 0 (38)
in this asymptotic behavior we find a product solution for ψlm, which is complex
hypergeometrical in r, but decays exponentially fast in t for higher orders in m.
Thus we only consider the s-wave contribution to (26), Γ00 = Γ, leaving us with a
near horizon effective action:
Γ =
(r2+ + a
2)
16πGΞ
∫
d2x
√
−g(2)R(2) 1
g(2)
R(2)
+
3e2(r2+ + a
2)
πGΞ
∫
F
1
g(2)
F.
(39)
dLarge r behavior will be synonymous with large x+ behavior.
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The above functional may be recast in the familiar form of a Liouville type CFT
by introducing auxiliary scalars Φ and B satisfying
g(2)Φ = R and g(2)B = ǫ
µν∂µAν . (40)
In terms of these new fields our near horizon CFT takes its final form:
SNHCFT =
(r2+ + a
2)
16πGΞ
∫
d2x
√
−g(2)
{
−Φg(2)Φ+ 2ΦR(2)
}
+
3e2(r2+ + a
2)
πGΞ
∫
d2x
√
−g(2) {−Bg(2)B
+ 2B
(
ǫµν√
−g(2)
)
∂µAν
} (41)
2.3. Energy Momentum and The Virasoro algebra
The energy momentum tensor and U(1) current of (41) are defined as:
〈Tµν〉 = 2√−g(2)
δSNHCFT
δg(2)µν
=
r2+ + a
2
8πGΞ
{
∂µΦ∂νΦ− 2∇µ∂νΦ+ g(2)µν
[
2R(2) − 1
2
∇αΦ∇αΦ
]}
+
6e2(r2+ + a
2)
πGΞ
{
∂µB∂νB − 1
2
gµν∂αB∂
αB
}
and
〈Jµ〉 = 1√
−g(2)
δSNHCFT
δAµ =
6e2(r2+ + a
2)
πGΞ
1√
−g(2)
ǫµν∂νB
(42)
and the equation of motions for the auxiliary fields are:
g(2)Φ =R
(2)
g(2)B =ǫ
µν∂µAν
(43)
Thus, given the metric (15) and gauge field (16) and adopting modified Unruh
Vacuum boundary conditions (MUBC) 76{
〈T++〉 = 〈J+〉 = 0 r →∞, l→∞
〈T−−〉 = 〈J−〉 = 0 r → r+
, (44)
where the modification takes the AdS radius into account, all relevant integration
constants of (42) and (43) are determined. for large r and to O(1
l
)2, the resulting
energy momentum tensor is dominated by one holomorphic component, 〈T−−〉.
Expanding this component and the U(1) current in terms of the boundary fields
(28) and (29), we compute their responses to the total symmetry δξ−n +Λ, yielding:

δξ−n +Λ 〈T−−〉 = ξ−n 〈T−−〉
′
+ 2 〈T−−〉 (ξ−n )′ + r
2
++a
2
4piGΞ (ξ
−
n )
′′′
+O
((
1
r
)3)
δξ−n +Λ 〈J−〉 = O
((
1
r
)3) (45)
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This shows that 〈T−−〉 transforms asymptotically as the energy momentum tensor
of a one dimensional CFT with center:
c
24π
=
r2+ + a
2
4πGΞ
⇒ c = 3A
2πG
, (46)
where A =
4pi(r2++a
2)
Ξ is the horizon area of the KNAdS black hole. It is well known
that a 2-dimensional CFT exhibits a conformal/trace anomaly of the form 77〈
T µµ
〉
= − c
24π
R(2) (47)
and evaluating the trace of (42) agrees with the above equation yielding the same
center as in (46).
The entropy of our near horizon CFT will be determined by counting the mi-
crostates of the total quantum asymptotic symmetry generators on the r → ∞
boundary via the Cardy formula (8). The quantum generators are defined via the
charge:
Qn = lim
r→∞
∫
dx− 〈T−−〉 ξ−n , (48)
Computing its response to a total symmetry and compactifying the x− coordinate
to a circle from 0→ 2π/κ yields the charge algebra:
δξ−m+ΛQn = [Qm,Qn] = (m− n)Qn +
c
12
m
(
m2 − 1) δm+n,0, (49)
which takes the familiar form of a centrally extended Virasoro algebra.
2.4. Entropy
Summarizing our results from (46) through (49) we have:
c =
3A
2πG
Q0 = A
16πG
(50)
Substituting this into the Cardy Formula (8) we obtain:
S = 2π
√
cQ0
6
=
A
4G
, (51)
which is in agreement with the Bekenstein-Hawking entropy of the 4-dimensional
KNAdS black hole. Taking the limit of (46) to Kerr and to extremality yields
lim
l→∞, Q→0, M→a
c = 12J, (52)
which is the same value of the left central charge obtained in the Kerr/CFT corre-
spondence 52, further strengthening the proposal of GHSS.
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2.5. Temperature
To compute the black hole temperature, we will couple the metric (15) to a single
quantum conformal field Φ with Liouville functional
SLiouville =
1
96π
∫
d2x
√
−g(2)
{
−Φg(2)Φ+ 2ΦR(2)
}
(53)
and following the steps (42) through (44), we obtain an energy momentum tensor
which is dominated by one holomorphic component in the limit r = r+ given by:
〈T++〉 = −f
′ (r+)
2
192π
. (54)
This is the value of the Hawking Flux of the KNAdS black hole, from which we
obtain the known Hawking temperature21,66:
HF = − π
12
(TH)
2 ⇒ TH = f
′ (r+)
4π
. (55)
3. Conclusion
To conclude, we have analyzed quantum black hole properties in the near horizon
regime via CFT techniques, extending the analysis of 11 to the more general KNAdS
spacetime. In this regime the KNAdS black hole is dual to a two dimensional Liou-
ville type quantum CFT whose conformal symmetry is generated by the centrally
extended Virasoro algebra. The central charge and lowest Virasoro eigen-mode (50)
together reproduce the correct form of the Bekenstein-Hawking entropy and analy-
sis of the RW2DA (15) coupled to a single quantum conformal field reproduce the
known form of the Hawking temperature.
It is interesting to note that the lowest Virasoro eigen-mode satisfies
Q0 = GM2irr (56)
whereM2irr is the irreducible mass of the KNAdS black hole, i.e. the final mass state
after radiating away its angular momentum via a Penrose type process. This suggests
that the eigen value of a CFT’s Hamiltonian is proportional to the irreducible mass
of its black hole dual.
In (24) we elevated the scalar field to a gravitational one. This was first suggested
and outlined by Solodukhin in 71 and extended to compute Hawking radiation by
RW in their seminal work 17. Yet, in this approach the scalar field is still treated
mathematically as a matter field. It is also unclear the exact details of the four di-
mensional gravitational theory, perhaps an ultraviolet complete extension of general
relativity that dimensionally reduces to (41) except that it has the same coupling
as standard Einstein gravity.
It still remains an open question to generalize the methods of this note to more
exotic, higher dimensional black holes. In 23,24,27 the authors showed that the RW
method for computing Hawking radiation via gauge and gravitational anomalies
holds for their respective exotic black holes in arbitrary topologies and thus we
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believe our construction for a near horizon CFT dual should extend to these cases
as well.
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